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1 Introduction
A capital letter, such as T , stands for a bounded linear operator on a Hilbert space H.
T ≥ 0 means T is a positive operator and T > 0 means T is a positive and invertible operator.
A ≥ B and logA ≥ logB are called operator order and operator chaotic order, respec-
tively.
There are many sufficient conditions and necessary conditions of operator order and op-
erator chaotic order, such as[1], [2], [3], [5].
In 1993, M. Fujii, T. Furuta and E. Kamei obtained the following result on operator
chaotic order.
Theorem 1.1([3]). If A,B > 0 satisfy
(B
1
2A
1−t
2 BtA
1−t
2 B
1
2 )
1
2 ≥ B (1.1)
for all t > 1, then logB ≥ logA.
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In 2014, J. I. Fujii, M. Fujii and R. Nakamoto proposed an extension of Theorem 1.1,
by which they make use of a beautiful operator inequality(we call it Fujii-Fujii-Nakamoto
operator inequality here).
Theorem 1.2([2]). If A,B > 0 satisfy
(B
s
2A
s−t
2 BtA
s−t
2 B
s
2 )
1
2s ≥ B (1.2)
for some t > s > 0, then the following result hold:
(I) If t ≥ 3s−2 ≥ 0, then logB ≥ logA, and if t ≥ s+2 is additionally assumed, then B ≥ A;
(II) If 0 < s < 12 , then logB ≥ logA, and if t ≥ s+ 2 is additionally assumed, then B ≥ A.
In this paper, we will extend Theorem 1.2 and show some results on operator order and
operator chaotic order.
In order to prove our results, we list a famous operator inequality here, which is called
Furuta inequality.
Theorem 1.3 ([4].) If A ≥ B ≥ 0, then
(A
r
2ApA
r
2 )
1
q ≥ (A
r
2BpA
r
2 )
1
q
and
(B
r
2ApB
r
2 )
1
q ≥ (B
r
2BpB
r
2 )
1
q
hold for r ≥ 0, p ≥ 0, q ≥ 1 with (1 + r)q ≥ p+ r.
2 Main Results
In this section, we shall show the main results and prove them.
Theorem 2.1. If A,B > 0, satisfying
(B
s
nA
s−t
n B
2t
n A
s−t
n B
2t
n · · ·B
2t
n A
s−t
n B
2t
n A
s−t
n B
s
n
︸ ︷︷ ︸
A
s−t
n appears n times, B
2t
n appears n−1 times
)
n
(n+2)s+(n−2)t ≥ B (2.1)
for some t > s > 0 and n ≥ 2, then the following results hold:
(I) If (n+2)s+(n−2)t > n ≥ 3s− t, then logB ≥ logA, and if additional condition t−s ≥ n
is assumed, then B ≥ A;
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(II) If (n + 2)s + (n − 2)t ≤ n, then logB ≥ logA, and if additional condition t − s ≥ n is
assumed, then B ≥ A.
Proof of (I). Firstly, put A1 = (B
s
nA
s−t
n B
2t
n A
s−t
n B
2t
n · · ·B
2t
n A
s−t
n B
2t
n A
s−t
n B
s
n
︸ ︷︷ ︸
A
s−t
n appears n times, B
2t
n appears n−1 times
)
n
(n+2)s+(n−2)t ,
l = (n+2)s+(n−2)tn . Obviously, l > 1, 2
t−s
n > 0 and conditions in Furuta inequality are satisfied.
It follows that
(B
t−s
n Al1B
t−s
n )
1+2 t−sn
l+2 t−sn ≥ B1+2
t−s
n . (2.1)
Then we have
(B
t
nA
s−t
n B
2t
n A
s−t
n B
2t
n · · ·B
2t
n A
s−t
n B
2t
n A
s−t
n B
t
n
︸ ︷︷ ︸
A
s−t
n appears n times, B
2t
n appears n−1 times
)
n+2(t−s)
nl+2(t−s) ≥ B
n+2(t−s)
n
=(B
t
nA
s−t
n B
t
n )
n
n+2(t−s)
nl+2(t−s)
(2.2)
Notice that n n+2(t−s)nl+2(t−s) ≥ 1 due to the fact that n ≥ 3s−t. Apply Lo¨wner-Heinz inequality
to (2.2), then the following inequality is obtained.
B
t
nA
s−t
n B
t
n ≥ B
s+t
n , (2.3)
which is equivalent to
A
s−t
n ≥ B
s−t
n . (2.4)
Taking reverse and then taking logarithm on both sides of (2.4), logB ≥ logA is obtained.
If t− s ≥ n, taking reverse and applying Lo¨wner-Heinz inequality to 0 < nt−s ≤ 1, B ≥ A
holds, obviously.
Proof of (II). According to Lo¨wner-Heinz inequality, (2.1) implies that
B
s
nA
s−t
n B
2t
n A
s−t
n B
2t
n · · ·B
2t
n A
s−t
n B
2t
n A
s−t
n B
s
n
︸ ︷︷ ︸
A
s−t
n appears n times, B
2t
n appears n−1 times
≥ B
(n+2)s+(n−2)t
n . (2.5)
It follows that
B
t
nA
s−t
n B
2t
n A
s−t
n B
2t
n · · ·B
2t
n A
s−t
n B
2t
n A
s−t
n B
t
n
︸ ︷︷ ︸
A
s−t
n appears n times, B
2t
n appears n−1 times
≥ Bs+t
=(B
t
nA
s−t
n B
t
n )n
(2.6)
Then we have
B
t
nA
s−t
n B
t
n ≥ B
s+t
n (2.7)
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by Lo¨wner-Heinz inequality.
(2.7) is equivalent to A
s−t
n ≥ B
s−t
n .
By the same discussion as in proof in (I), we complete the proof. ✷
Corollary 2.1. If A,B > 0, satisfying
(B
s
3A
s−t
3 B
2t
3 A
s−t
3 B
2t
3 A
s−t
3 B
s
3 )
3
5s+t ≥ B (2.8)
for some t > s > 0, then the following results hold:
(I) If 5s+ t > 3 ≥ 3s− t, then logB ≥ logA, and if additional condition t− s ≥ 3 is assumed,
then B ≥ A;
(II) If 5s+ t ≤ 3, then logB ≥ logA.
Proof. We only need to set n = 3 in Theorem 2.1.
Remark 2.1. If n = 2, Theorem 2.1 is just Theorem 1.2.
Similarly, we can obtain another generalized Fujii-Fujii-Nakamoto operator inequality
which extend Theorem 1.2.
Theorem 2.2. If A,B > 0 satisfy
(B
s
pA
s−t
p B
2t
p A
s−t
p B
s
p )
p
4s ≥ B (2.9)
for some t > s > 0, then the following result hold:
(I) If 4s > p ≥ 3s − t, then logB ≥ logA, and if t − s ≥ p is additionally assumed, then
B ≥ A;
(II) If p ≥ 4s, then logB ≥ logA, and if t− s ≥ p is additionally assumed, then B ≥ A.
Remark 2.2. The proof of Theorem 2.2 is the same as in [2], and we omit it here. If p = 2,
Theorem 2.2 is just Theorem 1.2.
Corollary 2.2. If A,B > 0 satisfy
(B
s
3A
s−t
3 B
2t
3 A
s−t
3 B
s
3 )
3
4s ≥ B (2.10)
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for some t > s > 0, then the following result hold:
(I) If 4s > 3 ≥ 3s − t, then logB ≥ logA, and if t − s ≥ 3 is additionally assumed, then
B ≥ A;
(II) If 3 ≥ 4s, then logB ≥ logA, and if t− s ≥ 3 is additionally assumed, then B ≥ A.
Proof. We only need to set p = 3 in Theorem 2.2.
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